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Sauer, Shelah, Vapnik and Chervonenkis proved that if a set system on n vertices contains
many sets, then the set system has full trace on a large set. Although the restriction on
the size of the groundset cannot be lifted, Frankl and Pach found a trace structure that
is guaranteed to occur in uniform set systems even if we do not bound the size of the
groundset. In this note we shall give three sequences of structures such that every set
system consisting of sufficiently many sets contains at least one of these structures with
many sets.

1. Introduction

This note is concerned with finite systems of finite sets. Our notation and
terminology are standard (see, e.g. [2]). In particular a set system is a (finite)
collection of (finite) sets (with each set occuring with multiplicity at most 1).
For brevity, we shall call a set system consisting of k sets a k-system. We
shall use the standard notation d(z) = |{F :x € F € £}| for the degree of a
vertex = and [k]={1,...,k}.

The trace of a set system F on a set X is the set system

FIX=Fx={AnX:AecF}
Note that the trace is a simple set system i.e., each set in the trace is taken
with multiplicity 1.

The classical result of set systems is the lemma of Sauer and Shelah [6]
and [7] (see also Vapnik and Chervonenkis [8]) stating that if 7 CP(n) and
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|F| >S5 (") then F|x =P(X) for some k-set X. Note that in this result
the cardinality of F is assumed to be large compared to the cardinality
of the ground set. This contrast with our main result, Theorem 1, where
no assumption is made about the ground set. Results in similar vein to
Theorem 1 were proved by Frankl and Pach [4] (see Theorem 8). We shall
discuss these results in Section 6.

For £k =0,1,..., let 7}, be a k-system with Uper, = Si. We say that
(Fi)i2, is a homogenous sequence if for every £ >0 and set X C S, with
| X |=¢ we have

Fo C Frlx € FoU{0, X},

with the containments taken up to isomorphism. In fact, throughout the
note, we shall not distinguish between isomorphic set systems. A typical
example for a homogeneous sequence is for fixed integer ¢

FO = {A: AC[k]A| < 0.

The main aim of this note to show that there are three homogenous
sequences such that, given k> 2, every sufficiently large set system contains
a k-system from one of these sequences. Note that, a priori, it is not clear
that there are sufficiently many homogenous sequences to ensure that, for
given k> 1, every sufficiently large set system contains a k-system in one of
these sequences. Let us introduce three homogenous sequences. For k> 1,
let

Crh={{1,...,i}:0<i<k—1},
Sp=1{{i}:1<i<kl,
T = {[K]\ {i} : 1 < i < k}.

We call Cy, a k-chain, S a k-star and 7Ty, a k-costar. Trivially, (Cx), (Sk) and
(71) are homogenous sequences. Note that {[k]\ A: A€ Sy} is isomorphic to
Ty, and {[k—1]\ A: A€C} is to Cy.

Here is the main result of this note.

Theorem 1. There is a function f:N«N«N—N, (k,¢,m)— f(k,¢,m), such
that every f(k,¢,m)-system contains a k-star, an {-costar or an m-chain.

The rest of the paper is organized as follows. In Section 2 we prove
Theorem 1. The third section is devoted to a variant of Theorem 1 for
antichains, and in Section 4 we extend the main result. In the last two
sections we embark on the past results and a connection between double
chains and minimal antichains.
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2. Proof of the main result

As usual, a collection A of sets is a chain if for all A, B€ A, we have either
ACB or BCA, and it is an antichain if for all A, B€ A we have A¢Z B and
B¢ A.

Let f(k,¢,m) denote the minimum number such that if H is a set system
with at least f(k,¢,m) sets, then H contains either a k-star, or an ¢-costar
or an m-~chain. Similarly, let f’(k,¢,m) denote the minimum number such
that if H is an antichain set system with at least f’(k,¢,m) sets, then H
contains either a k-star, or an f-costar or an m-chain. A priori it is not clear
that f(k,¢,m) or f’(k,¢,m) exists: our aim is to show that this is the case.

First we shall state and prove a lemma similar to the main result for
antichains.

Lemma 2. Let k,¢,meN. There is a number f'(k,¢,m) such that it H(V,&)
is a set system which is an antichain with |E|> f'(k,¢,m), then H contains
either a k-star, an f-costar, or an m-chain.

Proof. For k,/,m>2, it is easy to check that

The fact that we know the function f’(k,¢,m) whenever k or ¢ or m is 2
enables us to use induction on k+£¢+m. Let us fix k,¢,m >2. We claim

2)  flk,t,m) <2(m—2)(f'(k—1,6,m) — 1)(f'(k,£ —1,m) — 1) + 2.

Now note that f'(k,¢,m)=f'({,k,m), as taking the complement of each
element, a star produces a costar, and the complement of a chain is a chain.
Suppose that, contrary to our assumption, there is a set system H with
2(m—=2)(f"(k—=1,6,m)—1)(f"(k,£—1,m)—1)+2 sets that contains no k-star,
{-star or m-chain. Choose H to have a vertex set of minimal cardinality. Since
H=(V,€) may be replaced by its completion H=(V,€), E={V\E:E€&},
we may assume that the average size of a set of £ is at least |V|/2.

Since no vertex of H is in every set of H, (by the minimality of H) there
is a vertex x € V such that |€|>d(z) >|£|/2 and A€ E be such that x ¢ A.
Set £,={F€&:x€ E}. Then

(3) Exl > (m —2)(f'(k —1,6,m) — 1)(f (k, £ —1,m) — 1) + 1.
Furthermore, set

(4) For={ENA:Ec&)
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and, for all B F, 4, define
(5) Ep=Ewap={Ec& :ENA=B}.

Case 1. If |Eg|> f'(k—1,¢,m) for some B € F, 4, then £p contains either a
(k—1)-star, an {-costar, or an m-chain. In the latter two cases we are done,
as Ep C £. Otherwise, £p contains a (k—1)-star S with sets {C1,...,Cr_1}
and leaves {z1,...,2x_1}. As k>3, we have z; ¢ B. Since £ is an antichain,
there is some y€ A— B, else ACFE for all £ €&p. This means, that the sets
{C1,...,Ck_1,A} form a k-star with leaves {x1,...,2x_1,y}.

Case 2. |Eg|< f'(k—1,¢,m) for all B€ F, 4. Then
(6) | Faal = (m = 2)(f'(k, € —1,m) = 1) + 1.

Suppose first that F, 4 contains an antichain C with |C|> f'(k,l—1,m).

By the induction hypothesis C contains either an (¢—1)-costar, a k-star,
or an m-chain. In the latter two cases we just take for each set F in the k-
star (resp. in the m-star) a set F' from H with FNA=FE, and the set system
what we obtain is a k-star (resp. an m-star) in H, with the same vertices
that belonged to the old system. If C contains an (¢ —1)-costar S with sets
{C1,...,Cyp_1} and vertices {x1,...,2_1}, then for each set C;, there is a
Cle&, with C;CC} for all 1<i<{—1. Then clearly, {C1,...,C}_;,A} with
{z1,...,2¢_1,2} is an l-costar in H, and we are done.

If F; o does not contain an antichain C with |C| > f(k,£/—1,m), then by
Dilworth’s theorem, F, 4 contains a chain D with |D|>(m—1). In that case,
adding A to the chain, clearly we can have easily an m-chain in H. I

To deduce Theorem 1 from Lemma 2 we need to apply Dilworth’s theo-
rem. By Dilworth’s theorem if

fk,t,m) > (m—1)(f(k,,m) —1)+1

holds, then H contains either a chain with length m or an antichain with
f'(k,,m) sets. In the first case the chain contains an m-chain, in the second
case Lemma 2 can be applied. |

3. Double-chains

In this section we shall prove a slightly stronger result for antichains than
Theorem 1, instead of m-chains we shall find m-double-chains. A m-double-
chain is pair of collection of sets and vertices (F,,F') with F,,, CE, FCV
such that F,,={A1,...,An}, F={x1,...,Zm—1,Y1,---,Ym—1} with

Aj={xii<j}U{yn:h=j}
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Theorem 3. Let k,/,meN. Then there is a number g(k,¢,m) such that if
H(V,E) is a set system which is an antichain with |E| > g(k,¢,m), then H
contains either a k-star, an ¢-costar, or an m-double-chain.

Proof. For the most part, we can imitate the proof of Lemma 2. In fact,
only the treatment of our is different in the second part of the Case 2. First
we should find the initial values of the function g:

9(2,0,m) = g(k,2,m) = g(k,,2) = 2.
Now we are going to prove the following recursion form:
gk, €,m) < 2mg(k —1,6,m)*g(k, £ —1,m).

In that case F, 4 contains a chain C = {C; C C;—; C ...C} C A} with
t=(m+1)g(k—1,4,m). Let ye A—C;. For all i, 1 <i<t, let B;€& be a
set with B;NA=C;. If the set system Hy_ 4 with sets {By—A,...,B;— A}
contains a chain

{(Bi, — A,...,Bi — A},

im

then {B,,...,B;,, } with some properly chosen vertices is an m-double-chain.
(The reason for this that H was an antichain and so if

(7) {BiO—ACBil—AC---CBim—A},
then
(8) {Bi{y,NADB;,NAD---DB; NA})

Otherwise by Dilworth’s theorem, the set system Hy _ 4 contains an an-
tichain with g(k —1,¢,m) sets. By the induction statement, this antichain
contains either a (k—1)-star, an ¢-costar or an m-double-chain. Clearly, in
the latter two cases we are done. In the first case, if

{B;, — A,Bi, — A,...,B;,_, — A}

Ig—1
with zq,...,2p,1 € V — A is a (k — 1)-star in Hy_4, then the sets
{Bi,,Bi,,...,B A} with vertices {x1,...,25_1,y} form a k-star in H. 1

Qf—19
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4. The (k,t)-star, -costar case

A (k,t)-star is a k-system F whose restriction to a kt-set Y consists of k
disjoint sets, all of order t. A (k,t)-costar is a k-system F whose restriction
to a kt-set Y consists of the complement of k-disjoint sets, all with order t.
Note that a k-star is precisely a (k,1)-star.

There is not much sense to define (k,t)-chain, because for example from
a kt-chain a (k,t)-chain can be easily constructed.

An extension of Theorem 1 is the following.

Theorem 4. Let t be a positive integer. Let H(V,E) be a set system such
that for A# B, A,B€ &, |AAB|>4t—3. Then for any positive integers
k,l,m there is a number h(k,¢,m) such that if |E| > h(k,¢,m), then H

contains either a (k,t)-star or an (¢,t)-costar or an m-chain.

Proof. Let H(V,E) be a set system satisfying the conditions of the theorem.
By Lemma 2 it contains a large star, or a large costar or an m-chain. In the
third case we are done. Consider the case when we have a large K-star or a
large costar {A1,..., Ak}, {z1,...,2x}. Then construct (in both cases) the
following set system with vertices V\{z1,..., 2k} and sets {4;\{z1,...,2x}:
1,...,K}. Clearly for every pair of the sets of the new graph their symmetric
difference is at least 4t —5. Let us apply Lemma 2 to this set system (which
is still an antichain). We can iterate this step 2t —1 times. There are two
possibilities. If during the process we find an m-chain then we are done.
Otherwise, we find either at least ¢ times a star, or at least ¢ times a costar,
from which the required configuration can be constructed. |

We can obtain a more general result from the previous result. Call the
following configuration (r,t)-A-system: Let K1,...,K,,L1,..., L, be disjoint
sets, each with size at most ¢. Let L=U]_, L;, and A be a vertex set disjoint
from all the other sets. Then the (r,t)-A-system is the following collection
of sets:

Theorem 5. Let k,¢,m,t be positive integers. Every set system with suffi-
ciently many sets contains either a (k,t)-star, or an (¢,t)-costar, an m-chain,
or an (r,t)-A-system.

Proof. Let us imitate the proof of the previous lemma. At the point, when
the new set system was constructed, here it is possible that there are multiple
sets. But if there is a set with multiplicity at least r, then their ancestors will
give a (r,t)-A-system. If this is not the case, then the set system contains
many different sets, and the proof can be continued the same way as before. i
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5. Minimal antichains

Recall that a set system F is an antichain if for all A, B€ F, A# B, neither

A C B nor B C A. An antichain (X,F) is a minimal antichain if for any

vertex u the set system {F \{u}:F € F} is not an antichain.

Example. (X ¢, Fr )

Let k,¢ be two positive integers. Let Fj, be a set system on ground set

Xie=11,2,...,kl} containing the sets
Fre={0—-1)0+1,...,il:i=1,... k}

U{{X\{i+jl:5=1,....k}:i=1,... (}.

Then (X}, ¢, Fk.¢) is a minimal antichain with | X}, /|=k¢ and |Fy, ¢| = k+~.

It is rather suprising, but there is a common root of the existence of a
double-chain in a hypergraph and the minimal antichain. Let us define the
following function:

For positive integers N >n, let
(9) f(N,n)= ‘%a)zcv msln{]S] : Ajs contains an antichain with n sets,

A is an antichain}.

By the definition of the minimal antichain and Theorem 6, we have

(10) f(n,n) = [n®/4].
From the other side, for any N we have
(1) F(Nm) > 20 -2,

and this is best possible.

Proof. Let N be sufficiently large positive integer (at least g(n,n,n) from
Theorem 3). By Theorem 3, an antichain set system with N sets contains
either an n-star, an n-costar, or an n-double-chain. Each of these structures
spanned by at most 2n — 2 vertices, which gives (11). We cannot obtain
a better bound, because for any N, consider an N-double-chain. One can
check that this double-chain on any 2n—3 vertices induce a set system with
size at most n—1. |

To prove (10) we need to do some work.

In the next theorem we find for a minimal antichain of fixed number of
elements (k), what the maximal possible size of the (spanning) ground set
(g(k)) is. Let f(n) be the following function:
for n<T7let f(n)=2n—-2, for n>7let f(n)=[n/2]-|n/2].
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Theorem 6. We have for all natural number n that f(n)=g(n). Further-
more for n>8, the unique extremal configuration is Fj,j in case n=2k and
Frt1,k OF Fp 41 in case n=2k+1.

Note that for n < 7 the extremal structures are the “tree-like” config-
urations (where the “tree edges” are “double edges”. These concepts will
become clearer from the proof below). For n=7 both type of constructions
are extremal.

Proof. Let F be a minimal antichain. Construct the directed graph G as
follows: Let V(G) = F. For each u € X, there is at least a pair (A4,B),
A# B, A,B € F such that A\ u C B. If there are many such pairs, then
choose one (A,B), and in the graph G put an edge from A to B. Do it
for all u € X. Note that the digraph G is not necessarily unique. Note that
there are no parallel edges. A more general statement is true: Between two
different vertices A,B € F, there cannot exist two edge disjoint oriented

paths. Otherwise, if one of the paths is uq,...,uy, the other is v1,...,v, then
0+ A\ BC{ui,...,us} and A\ BC{v1,...,v;}, but as the two paths were
edge disjoint, this gives a contradiction. |

Let G,, be a directed graph on n vertices without parallel edges. We say
that the graph G,, has property (x), there are no two distinct vertices such
that the first is connected to the second by two different edge disjoint paths.
We shall show the following pure graph theoretical statement:

Lemma 7. If G, has property (%), then e(G,,) < f(n). The extremal graphs
are listed below: For n>7 let A={1,...,|n/2]}, B=V(G)\A. For allue A
and v € B include the edge u,v. Or if we reverse the orientation of all of the
edges, we get extremal graphs as well. (The difference what the reversing
of the edges gives is when n is odd, and |A| <|B|.) For n <7 take any tree
on Gy, and double each edge of the tree, giving different directions of the
“parallel” edges.

Proof of Lemma 7. Let the graph G,, have property (*). Suppose, between
two vertices, u and v there are two edges. Easy to check, if we contract u
and v, and delete the two edges, then the new graph will have property (x).
Similarly, if there is an oriented triangle u,v,w, and the three vertices are
contracted, and the edges of the triangle are cancelled, we obtain a graph
with having property (x). Now we proceed by induction. For n=1 or n=2
easy to establish the result. In general, suppose we know the statement for
graphs with order less than n. Take an extremal graph G,,. If it contains a
“double” edge, then by the contraction we have f(n) < f(n—1)+2. If G,
contains an oriented triangle then by the contraction and the induction
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hypothesis we have f(n) < f(n—2)+3. If neither of these cases holds then
G, can be considered as a triangle-free simple graph (it cannot contain a
non-oriented triangle, because of property (x)), and by Turdn Theorem the
maximum number of possible edges and the structure of the extremal graphs
are well-known. For n=7 both types of structures are possible. |

6. Remarks

The main result of Frankl and Pach [4] is the following: Let T'(n,r, k) denote
the largest integer T" such that there exists an r-uniform set system with T°
members on an n-element set X, which does not contain all r-tuples of a
k-element subset of X.

Theorem 8. Let f,(k) be the maximal number of sets in an r-uniform set
system that does not contain a k-star. Then

T(r+k—1,k—1,k)§fr(k)§<T2k11>. i
Hajnal [5] suggested the following modification of the problem of finding
fr(k). What is the maximal number of sets in an r-uniform set system if
the system does not contain k sets that can be represented by ¢ points
each (i.e., what is the maximal number of sets in an r-system containing
no (k,t)—star)? This question was answered by Frankl and Pach [4]. For
general set systems, the corresponding result of ours is Theorem 5 answered
this question for uniform set systems.
A collection D={Dq,..., Dy} of sets is a A-system if D;ND;=K for all
i#j and some set K, the kernel of the A-system. The Frankl and Pach [4]
result is the following.

Theorem 9. Given four natural numbers, t,r, k,¢ with r>t,k>3 and > 2,
let ff(r,k)=maz|E(H)|, where the maximum is taken over all r-uniform set
systems H having the following two properties:

(i) 'H does not contain an {-member A-system whose kernel is of size greater
than r—t;

(ii) H does not contain a (k,t)-star.

Then

c(k,ﬁ,t)r(k_l)t < ff(r, k) < c'(k,ﬁ,t)r(k_l)t,

where the positive constants ¢, depend only on k,{ and t (and not on r).
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Having studied general set systems, let us see what we can say about
the existence of our special structures in uniform set systems. Let us write
fr(k,£,m) for the function above in the case of r-uniform graphs. Note first
that no r-uniform set system contains an (r+2)-costar, or a (r+2)-chain or a
(r+2)-double-chain. Hence, f,(k,¢,m)= f.(k,r+2,742) for all £,m >7r+2. Let
us write f,(k) for this common value. Thus f,(k) is the maximal number of
sets in an r-uniform set system that contains neither a k-star, nor an (r+2)-
costar, nor an (r+2)-chain. This function f2(k) is the maximal number of
sets in a graph that contains no star-forest with & sets. The function fa(k+1)
was determined by Vizing [9], although the result was formulated in a rather
different way, in terms of domination numbers (see [3]). This result was later
rediscovered by Frankl and Pach [4].

Theorem 10. For all k>2 we have

fa(k) = (k; 1) - {%-‘ :

For r >3 it seems to be considerably harder to determine f,.(k), see for
example Theorem 8.

Set systems with possible multiple sets are easily identified with bipartite
graphs. Indeed, given a set system H(V,E), we can construct a bipartite
graph with classes (V,€), x€V and F €& are adjacent if and only if x € F.
This map is clearly invertible. Furthermore, if any two vertices have different
neighborhoods, then the set system will not contain multiple sets. In view
of this, our results about set system can be reformulated as results about
bipartite graphs. We call the complement of a complete matching in a k
by k bipartite graph a k-comatching. A k-split graph is a bipartite graph
with bipartition {ai,...,ax}, {b1,...,b;}, and edges a;b; for i>j. If H is the
bipartite graph corresponding to a set system H then H contains a k-star if
and only if H contains an induced k-matching. Also, H contains a k-costar if
and only if H contains an induced k-comatching, and H contains a k-chain
if and only if H contains an induced k-split graph. Hence, Theorem 1 has
the following immediate consequence.

Corollary 11. Let k,f,m be natural numbers and f(k,¢,m) as in Theo-
rem 1. Let G be a bipartite graph with bipartition (A,B), where |A| >
f(k,l,;m), with any two vertices of A having different neighborhoods. Then
the graph G contains either an induced k-matching, or an induced (-
comatching or an induced m-split graph.
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This application was used as one of the tools in [1].

It would be interesting to determine the order of the function f(k,k,k).

The recursive bound given by Theorem 1 gives the upper bound (2k3)2k. A
naive random method or the example given by Frankl and Pach give the
k+e()k Jower bound. We suspect that the lower bound is closer to the
truth; perhaps it is not too difficult to show that f(k,k,k) <k for some
constant c.

=
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